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The leptonic decays of the intermediate vector bosons with radiative corrections is studied in the limit 
where the mass of the charged lepton tends to zero. By means of a simple rule of calculation, we show the 
independence of the problem on the boson spin. Thus the ratio of the decay rates (W —> ev)/(W —> /xv') is 
obtainable from the corresponding ratio for a spin-zero boson interacting with a weak scalar current. While 
the radiative correction to the ratio of total decay rates is zero in this approximation, the result is also given 
for the nonzero correction in the case where discrimination against high-bremsstrahlung photon energies 
is applied. The spin independence is shown to be true for all boson spins (to the lowest order in a). 

WHILE a study of the radiative corrections to the 
leptonic decays of the W bosons of weak inter

action theory has no immediate experimental relevance, 
it does have some theoretical pertinence. First, the limit 
as the charged-lepton (physical) mass tends to zero is 
of interest as a check on a theorem due to Kinoshita 
and Sirlin,1 which would allow no zero-mass divergence 
in the total rate of leptonic decays, in any order of a. 
Furthermore, with the new formulation of the vector-
boson electrodynamics,2'3 Lee has already computed 
that part of the radiative corrections to TF-leptonic 
decays which is of order (m^/mw2)^ hia by summing 
an infinite series. Since the infinite sum in addition con
tributes terms only of order a(mi2/mw2) lnw*, any 
a Innti contributions, if they exist, can be obtained from 
the lowest order graphs. 

In this paper we develop a method of calculation 
which reproduces, in the limit where the charged-lepton 
mass tends to zero, the leading divergent terms resulting 
from the lowest order radiative-correction integrals. 
Using this procedure, we are able to show the irrelevance 
of the spin of the decaying boson to our problem. More 
specifically, we show that even for individual Feynman 
graphs the problem of the vector boson is equivalent to 
the corresponding one for a spin-zero boson interacting 
weakly with a scalar current, so far as the leading zero-
mass divergent terms are concerned. Therefore, we can 
carry over the result from the spin-zero case, which has 
already been worked out by Kinoshita.4 The radiative 
correction to the ratio of total rates of W decay into 
the (ev) mode relative to the Ox/) mode is zero in this 
limit, in accordance with the theorem mentioned above. 
We have included the result for the case where discrimi
nation against bremsstrahlung high-energy photons is 
applied. Being nonzero in our approximation, this result 
is numerically more definite than the ratio of total 
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rates. For a boson mass around a kaon mass, the radia
tive correction may be as large as ^ —15%. 

In an effort to understand the effect of the spin on 
the problem, we have extended our arguments to include 
arbitrary boson spins. We can establish, for a given 
Lagrangian of a meson with some arbitrary spin, a 
correspondence, as nii-^O, with a suitably chosen 
decay Lagrangian for a spin-zero meson. This we show 
only to the lowest order in a. 

I. W+-*l++v 

We study in this section the pure decay matrix ele
ment. In order to be definite, we refer directly to the 
electron mode. For easy reference, we first show briefly 
the pure decay dynamics. 

The matrix element is given, in general, by (see Fig. 1) 

M=(2Ty8W(k-p-q)WLpVp/(2h)112, (1) 

where t\p is the vector-boson polarization, and 2HZP is 
given by 

9frcp=fl(g)(l-75)[flTp+»Ap+^p>(^). (2) 

a, b, c are, in general, functions of k2, k • p in the region 
of physical decay. They are all real, b, for physical 
decay, does not contribute, since k • rj is then zero, c gives 
rise to a positron that in the limit m(=me) —•» 0 has a 
negative helicity, which is opposite to the corresponding 
one arising from the term a. Thus, we should expect 
that in a theory where the bare fundamental coupling 
is characterized by a=go, b=c—0, the wrong helicity 
term, c, which is induced by electromagnetic corrections, 
must vanish in the limit m —> 0. 

The general expression for the rate of W+—>e+v 

FIG. 1. W+ -> e+v w* ^ ( \ 
decay. —* ( > J 
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FIG. 2. Perturba
tion diagrams for 
lowest order virtual 
photon correction to 
the W+ —> e+v proc-

decay in W+ rest frame is for a given helicity s of £+, 
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2 2 (1+^)2 1 + bc]\' (3) 

where s= helicity of e+, fjL=mw'M=me, and v=velocity 
of e+ in W+ rest frame = (n2—tn2)/(n2+Tti2). Equation 
(3) clearly shows the difficulty which c, if nonvanishing 
with m —> 0, leads to. 

For the bare matrix element, the ratio of the total 
rate of decay into the (\iv') mode is given by 

Ro=-
R(W+->e+v) fle

2(l+v>3(3+0 

R(W+-*v+v') V ( l + 0 3 ( 3 + * v ) 
(4) 

We turn now to an actual investigation of the inclu
sion of the lowest order virtual photon effects. As is 
well known, the new formulation of the electrodynamics 
of vector mesons leads to a result of the form3 (m —» 0). 

*=Zgo-gr— l n ( a Z 2 ) . [ l + f i T ] + 0 ( a ) 
167T 

(6, c - > 0 a s w - > 0 ) , (5) 

where Z is some constant remaining after vector meson 
renormalization. The calculation was done to order 
a logo;. Clearly (5) is inadequate for the present problem, 
since the a logo; term (and, indeed, Z also) simply cancels 
in the ratio of rates. In other words, our attention should 
now center on the 0(a) term. 

To be sure, part of the 0(a) term involves an infinite 
sum. I t is easy to see, however, that this infinite sum 
does not diverge in the limit m —» 0, and therefore, does 
not contribute to the log m terms. For the infinite sum 
is associated with £—>0 divergent terms which come 

from the ultraviolet region of integration. In such a 
high-energy region m is clearly immaterial, and so we 
should expect that no additional divergence arises from 
setting w = 0 . This then disposes of the infinite sum, 
which we would not have been able to handle in any 
case. 

Therefore, we look for logm terms from the rest of 
the integrals. In terms of Feynman graphs, there are 
only two diagrams which can contribute logw terms 
(see Fig. 2). The second of these, Fig. 2(b), is the elec
tron renormalization graph, which is sufficiently well 
known. I t contributes to the ratio of rates a term 

/ 3a mu\ 
A£[Fig. 2(b)] = * 0 ( In— ) . 

\ 2 T me/ 
(6) 

Evidently, this term cannot depend on the spin of the 
decaying meson. 

We turn now to a detailed consideration of Fig. 2(a). 
Here, spin seemingly complicates the algebra somewhat 
and logw terms become consequently harder to enumer
ate. Obviously a simple and concise method of calcula
tion is needed. We describe here one such method; it has 
the advantage of being quite spin-independent. 

To be explicit, we write out the essential 7-matrix 
algebra contractions (following the notation of Ref. 3), 

u(q) (l-yb)ya[2ipa-iy • Qyp] 

Xv(p)tZ(k-Q)V?(k-Q,k)lapVp, (7) 

where ()M= virtual photon momentum vector, Vp is the 
charge vertex function for the W boson and S is related 
to the W-boson propagator S by 

1 1 
S(k)= §>(k). 

i k2+fX2 
(8) 

Ordinarily, one proceeds to carry out the four-
dimensional integration over all virtual Q before con
tracting ; clearly it would be a great help to have a rule 
of thumb by which we can look for and retain the logm 
terms before the Q^ integration. I t turns out that such 
a rule of thumb is not difficult to arrive a t ; and its 
derivation as a lemma is presented in the Appendix. 
We restate the rule in a concise mathematical form, 
(k^-^p^-m2; (k-p)2=0) 

f d*Q(Q>+p)-i(Q*-2p-Q)-i(Q*-2K-Q)-

xf(Q*Q.---)-
8 /w \*~ i - 1 

7.-K0] m-K) 2 

X / ( X P w X P , . - - ) r 4 1 n - l + 0 ( l ) , (9) 
L mJ 

where 0(1) are terms which do not diverge as m—»0. 
The essential point of this rule is that Q's everywhere 
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in the numerator are replaced by a multiple of p. /must, 
for the rule to be valid, be some polynomial of Q's, 
p's and &'s, which has an appropriate cut off in order to 
be definite. 

The simplifications resulting from this rule of thumb, 
while helpful, still do not affect the spin-matrix algebra, 
Thus, we are still faced with an expression of the type 

(l-\)p£$(k-\p), Vp(k-\p, k)~]apVp. 

But, by Ward's identity, we know that 

(\p)^(k-\p, k)=-i[(k-\p)2+fJ
2']§r1(k-\p) 

+C£2+M2]S~1(fc). (10) 

For a physical W boson, k2=—n2, S^ikP+fjL^rjv 
vanishes, and we just have 

(1-X) 

=2«- j ( i -x )a«p . (li) 

In other words, a combination of the rule of thumb 
and the Ward's identity leads to the conclusion that 
spin plays no essential part in the vitrual photon con
tribution to logm terms. Precisely the same logw terms 
occur in the spin-zero meson. Because in the vector-
meson case we do not have a W+-+e+vy four-point 
vertex, we can identify only with a nonderivative-cou-
pling spin-zero meson interaction, viz. where the weak 
Lagrangian is given by Lw^^p^e- We emphasize, at 
this point, that the equivalence does not exist with the 
spin-zero vector-current interaction, even though th^ 
vector boson itself is coupled to the same vector-lepton 
current. The equivalence involves a switch of helicity 
in going from spin one to spin zero. 

Having thus far shown that for the virtual photons 
the contribution of logm terms to the ratio of rates is 
equivalent to the spin-zero scalar current case, we can 
proceed to quote the total contribution from Fig. 2 as 

AR (virtual photon) 

5 
= Ro-\ 2 In In 2 In ln-

7rL me me m^ n 

- ( i n — ) + ( l n — ) + i l n r - , (12) 
\ me/ \ m^/ meJ 

where 8=fictitious photon mass. 
The explicit dependence of Ai£ (virtual) on the photon 

mass is, of course, to be cancelled by a proper inclusion 
of the bremsstrahlung photon effect. To complete the 
proof of equivalence of vector meson with a spin-zero 
meson, it is necessary to show that it is valid for real 
photons as well. This we shall show in the next section. 

II. W+->f++v+Y 

There are two diagrams which contribute to the inner 
bremsstrahlung matrix element (see Fig. 3). The 

|>fQ 

FIG. 3. Perturba
tion diagrams for 
lowest order real pho
ton correction to the 
W+- • e^v process. 

••> 

(b) 

matrix element is, explicitly, 

f YP't yQyel 

I Lp.Q 2p-Q J 

+7«[5(*-e)7/i(f t-f t k)-]apVpeMp). (13) 

The first part of the matrix element comes from the 
graph where the electron throws off a real photon; the 
second part comes from the vector boson throwing off a 
real photon. 

The actual method of treatment of the real photon 
effects used here is the customary one of a noncovariant 
integration in the decaying meson rest frame, employing 
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FIG. 4. A plot of the dependence of radiative correction to Ro 
with photon discrimination, ARd* on the \n(mw/fnK). The photon 
discrimination has been taken to be 2me in both decay modes. 
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a Coester's representation5 for the photons. With this 
method, the logm terms arise entirely from the electron 
graph, Fig. 3(a), as we now show. 

Let us first note the origin of logm terms within the 
framework of the noncovariant integration outlined 
above. It clearly comes from the configuration where the 
electron and the photon come out parallel to each other. 
Specifically, the term (p-e)/{p'Q) behaves as (m=0). 

— sin0 e-+o 2 1 

(cos0-l)G 6Q9 

where 6 is the angle between p and Q. This divergence, 
when squared and weighted over angles Odd, clearly 
leads to the logarithmic divergence we seek. 

A more general characterization of the origin of logm 
terms can be obtained by means of a m=0 representa
tion for v (p) where 

"(*)=(. ° )• 
The z axis has been chosen along the p direction. The 
o"2 serves to flip the helicity so that the positron is right-
handed. In this representation, then, 

XftHQXe)-#.£e4]Y )+A( V (14) 

where A is some unit matrix in spinor space depending 
on Q, p and c, which we do not care to write out. We 
might just note that A behaves at 0 —» 0 as I/O2. 

A, however, cannot contribute because of the (I+75) 
operator which acts on Jv(p). In other words, we can 
immediately replace / by a constant in spinor space, 
so that the electron bremsstrahlung effect is just a 
multiple of the bare-matrix element. 

It is easy to see why the boson bremsstrahlung does 
not contribute to logm terms. For at 0=0, the boson 
terms do not diverge, and with the A terms absent the 
cross terms in the square of the matrix element can di
verge at most as 1/0. Upon weighting with 0^0, this 
divergence vanishes. 

The identification of the spin-zero analog is, by now, 
straightforward. For in the spin-zero scalar-current 
case, the matrix element is 

u(q) (1-ys) 
rp-e y-Qye-] 
— + HP). 

Lfi'O 2fi'Q J 

(15) 

Again only the correct helicity term in Jv(p) contributes. 
The logm terms coming from a spin-zero scalar inter-

f 6|J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 
(Addison-Wesley Publishing Company, Inc., Reading, Massachu
setts, 1955). 

action case is readily computed from the matrix element. 
It has also been computed by Kinoshita in his work on 
the w —» ev problem.4 We quote the result for the ratio 

Ai?(real photon) 

far mw b mw 
= Ro\-\ - 2 In In +2 In In 

l7rL me mw wM ' 

/ mw\2 / mw\2 *»M"H 
- (in— ) + (In— j - i l n — . (16) 

\ me/ \ m^/ meJ\ 

Combining the two results (16) and (12), we see that 
the radiative correction to the ratio of total rates is 
zero in our approximation. As we have been careful to 
point out all along, this result is closely related to the 
vanishing of the logm terms in the spin-zero scalar-
current case. In other words, the spin of the vector meson 
was almost entirely unessential as far as the logm terms 
are concerned. In fact, as we shall show in the next sec
tion, this spin independence is true for all spins. 

III. SPIN INDEPENDENCE FOR ARBITRARY 
BOSON SPINS 

For clarity, we shall study first the case of a meson 
of arbitrary spin whose weak-interaction Lagrangian 
is of the form 

W%...,k(l-75)Op...,*«. (17) 

Keeping in mind the subsidiary conditions on Wp...a, 
viz. 

(i) Wp...<r is completely symmetric, 
(ii) W...M„...b^v = 0 (traceless tensor), (18) 
(iii) dMIT...l,... = 0, 

we see that Op...^ can only be of the form 

(i) dp...da, 

(ii) YpdT...d<r. 
or 

where the d's are chosen to operate on \}/v only. The 
actual form of 0 is not important, except that it must 
satisfy further the physically reasonable condition that 
0 cannot generate both helicity states of the lepton 
(at m=0). This means that we do not allow an admix
ture of the two forms of 0 mentioned above. An alternate 
statement of this condition would be that 0 must satisfy 

Y50p...ff=±Op...„76. (19) 

The arguments for a spin-zero analog for the virtual 
photon graphs go through much as before in the vector 
meson case. The Ward's-identity argument holds what
ever the spin. Thus, we would find for the graph where 
the photon is emitted by the meson and absorbed by the 
electron a term 

2ik-p(l—X)u(q)(l—y5)Op...<rv(p)r]p...<T. 

The spin-zero analog of such a term is obvious. 
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For the real photon case, condition (19) is important. 
Because of it, the wrong helicity term in Jv(p) never 
contributes and consequently the meson-bremsstrahlung 
part of the matrix element also does not contribute. 
Since Jv(p) becomes a multiple of the bare-matrix 
element the spin is again trivial. 

In other words, we have shown that as far as logw 
terms are concerned an arbitrary spin-case Lagrangian 
(17) is entirely equivalent to the spin-zero Lagrangian. 

For a more general Lagrangian of the form 

[(d„...) (dr...)WV» J (d , . . . ^ )O p . , . „ (d T . . . ^ ) , (20) 

the spin-zero analog is just 

[(^...)(aT...)0](aM...^)(aT...^). (21) 

In this section we have shown that, to lowest order in 
a, the spin of the meson is entirely immaterial in the 
login terms. We have, of course, not shown this to be 
true for all orders in a. 

The class of theories included in (21) may, in actual 
fact, not be all physically reasonable. Thus, we can 
find many such examples of interaction which in turn 
lead to nonvanishing login terms in the total ratio of 
rates, to lowest order in a. One such example would be 
a weak decay of a spin 0 meson described by a 
Lagrangian 

The result for the ratio of rates is 

R^=R0{l+a/Tr^ Irnn^/me}. 

This theory may be unreasonable because it does not 
belong in the Hamiltonian framework in a simple way. 

IV. RATIO R WITH DISCRIMINATION 

In conclusion, we are including a section on a measure
ment of the ratio of partial rates. That is, we are 
indicating here the result for the JF-boson case where 
discrimination against events with bremsstrahlung 
photons of energy greater than Qi is applied. The practi
cal aspects of such an experimental setup clearly belong 
to the remote future; we quote the result because, 
being nonvanishing in our approximation, it is numeri
cally more definitive than the ratio of total rates. 

For the discrimination case, it is very convenient to 
limit outselves to the region where Qi the descrimination 
energy, is small compared with the boson mass. This 
means that Qi need not be extremely small by itself 
for the result we quote below to be valid. This also 
means theoretically that only the (p- e)/(p-Q) part of 
the bremsstrahlung-matrix element contributes. The 
spin independence of that part of the matrix element is 
obvious. We can therefore carry over the corresponding 
result that has already been obtained for the K-meson 
case.6 

The final result is (Qi/mw<£X) 

R (discrimination) 

2a! 
--Ro\l 1 

7T 

Ox*1 mw fftw 
- I n hln In 

Qie nte 2QS 
wiw nta / mw\2 / mw\' 

- I n I n — - + ( I n J - ( In ) 
wM 2Q1

IM \ meI \ m^I 

- f i n 
,„ e

2 — 2' 
+0( 

me \mw2 mw2J 

1 - (24) 

Except for the last term, Eq. (24) is a transcript (to 
order m2/mw2) of the corresponding K—> (ev)/(iivf) 
ratio of Ref. 6. The last term is different because of the 
absence of W —-> Ivy vertex which is present in the 
i^-derivative coupling case. 

Numerically, the radiative correction, much like the 
K-meson case, is quite large; the actual magnitude de
pends, of course, on the value of mw and the experi
mental discrimination energy. When tnw=wik, the cor
rection is almost 15%. For orientation purposes, we 
have indicated in a plot the dependence of Ra on mw. 
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APPENDIX 

In this Appendix we shall study a little more closely 
the logm terms in a Feynman integral. For simplicity, 
we begin with a study of the general class of integrals 

f QoQr...Q, T A2 T + 1 

d4&TT, J = A r . . . , ( # ) , (Al) 
'(Q2)(Q2-2p-Q)LQ2+A2 

where n= number of Q's in the numerator. The conver
gence factor is introduced to give meaning to the inte
grals. Now we shall prove the following lemma: 

Lemma 1: Logarithmic divergence in m occurs only 
in that part of the tensor JffT...v(p) which transforms 
as papr- - -pv 

Proof: This involves looking explicitly at the generat
ing function, I(q)9 defined by 

f 1 1 

J Q2Q2-2i?-0/ 02-

i-w2 rl r1 

= — / dx J 
2 J o ./o 

A2 

Q*Q*-2p-Q' e 2 - 2 g - e + A 2 

dy2(l-y) 

(A2) 

>N, P. Chang, Phys. Rev. 129, 399 (1963), 

X E " J A 2 . (A3) 
»-o [_Aiy+x?(l-y)imi2n+l 

Clearly, by inspection, logm divergence occurs in that 
part of the series involving (p-q) only. By means qi th§ 
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relation 
/ A V IT d d- d 1 /.,....(*) = ( - ) "J—— —'(«) (A4> 
\2 / nlLdqadqrdqv JQ==o 

we come immediately to the conclusion stated above in 
the lemma. 

As a matter of fact, we can evaluate the coefficient 
of logw term in general, using the integral representa
tion (A3). Thus we find 

iir2 oo / 2 V + 1 (p-q)T A2~| 
/(«) = — E ( - ) I n - U2+0(1) 

2 n=o\A2/ 0 + l ) L mU 
where 0(1) are terms which remain finite as m—>0. 
The corresponding expression for J<rT—v(p) becomes 

!/,r...,fo) = ^ r - - - £ * — ^ - +0(1) , (A5) 
2 L^+ l wJ 

where n, we recall, is the rank of the tensor /<rT...v In 
(A5) we have used /x instead of A as the scale for the 
logarithm; this change of scale is, of course, immaterial 
in the final ratio of rates. 

The generalization to the class of integrals we actually 
need is straightforward. Let 

J (Q2)(Q2-2p-Q) (Q*-2k-Q)LQ*+A*J 
= K„...,x(pJi). (A6) 

Then a similar lemma holds true, viz. 

Lemma 2: Logarithmic divergence in m occurs only 
in that part of the tensor K<,T—v\ which transforms as 
papT—pvp\-

Proof: We note that, as far as logw terms are con
cerned, for which it is the Q —> 0 part of integration that 
is important, the contraction relation holds 

(-2*0£«».»x=/ , r . . . ,+0(l) (A7) 

0(1) being terms which remain finite as m —* 0. Thus we 
conclude that there are only two places where logw can 
appear in K tensor, i.e. 

a{pcpr' ' 'py)k\+b(papr- * 'pp)p\. 

But p\K<rT—v\ certainly does not have logm at all, so 
that a cannot have logm. Hence, the lemma follows. 

In fact, from (A5) we conclude that (for p-k 
= -y2+m2) 

£7r2r4 1 /x"i 
K„...,x=p,pr- • -p,p\—\ I n - +0(1) , (A8) 

2 Ln' fx2 ml 
where ^'=rank of the tensor KaT...v\. The result (A8) 
holds for all n'>l, n'=0 has infrared divergence. A 
separate integration for nr—0 shows 

iir2r2 fi / jtx d\"l 
K=—\ ~ ln - ( In 2 I n - ) +0(1) . (A9) 

2 L/x2 m\ m m/A 


